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(5.4) Hl 9+12=442=6=1 (mod 5).
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(5.5) I ROMICEZ X,
(1) 221 x 329 (mod 11) ZfHICE X,
(2) 2222 (mod 5) % fEiHICE X,
(3) 232 & 7T CTHI- =R BRD X,
(> }] (2) T
2222 = 222 = (22)1 =4 (mod 5)

DESI, RACHEB RS TONEERTIETH 5,

27
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(5.6) Bl (n DIEMTBHS = LOUEE)

(1) EEQEH OB ORZMAT 3 DEBICZUZ, TLOEKD 3 OET
@éo

(2) EOEEHKDEMOEEMZ T 9 OFBucHRIUR. TTOEERD 9 DT
H3,

(3) IEOEEH DB DORDIRA (FE 2 RHITEZTH) 28 11 ORI
U, TEOEHRD 11 OffTH %,

(4) TF2HI + D D 2151 237 OfEEZ S, TTOEKD 7T OB TH 2
(RDBHRF). BIZIE, 12345 1F, 123 x 2445 =291 THDH, £/ 7
DERHIE S PIEETOIASRVDT, 2x2+91=95 LT, Zh
WFTTEIZL ARZDT, 12345 b T TEIB L A RB L bD b,
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Proof. EFOEH 2%, 0005 9 FTOE ao, .. L an ZHAWVWT,

z=10"a, + 10" ta,_1 + - + 10a; + ag

LRT,
(1) 3 &KL LRt T3

z=10"a, + 10" ta,_1 + - + 10a; + ao
=1"a, + 1" Yap_1 + -+ lag + ao
=an+ap—1+---+a+ap (mod3)

B,

REDONE 2 DEBEBOBNMNOEMZ T2 DS, x DBEOZAMDOE
ZIMZT3OEEBICRZZ ., 2 33 DEHBTH2Z L IZFIETH 3,
(2) 3 DfEHDBE L FERTD 5,
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(3) 11 ik LTEtET 5 L

z=10"a, + 10" ta,_1 + -+ 10a; + ag
= (-1)"an+ (—1)" ap_1 + -+ (=1)ay +ap (mod 11)

L%,

BBRONZ 2 OBBOBNOBDOZAHM (H2NEZD -1 %) 22,
DERDENMDIRAAH 11 DfFRICHRZ 2 e, 2 d 11 OfFTHE L
BRETH %,
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(4) EOBK DT 2HMi% 2 (0<2<99) &L, TR &k Lofizy b
BLo 2D, 2=100y+ 2 TH2, [T2H+ERDD 2151 1T 242y &
¥ 5,

100y +2=2y+2z (mod 7)

HKOT, cZ2 7T TH-7=Rbe T2 +Bbo 2% # 7 TEH-2RD
BELVWESL, e 7T0EETH2e, TFT2H+Bbo 2 7D
EHTHZ L ZRAMETH B O
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REF 2
2021/5/27 3 DIRMBERSE
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(5.7) I ROMICEZ X,

(1) n ZIEEEK L T2 &, 3"T2 442 H N 13 OEHRTH % Z & 2Rt
(2) n ZIEFERBr T2 &, 3t L4t T DT H B 2  BRE,

(> ] EE, flZIEEROBRIETSH, BENIRWETIEAT 2 22
L, TR ARRERV 205G, (1) THiUT. 13 kL LT,
32 4420+l =31 32 1427 x4l =37 x 9+ 16" x4=3"x9+3" x4
(mod 13) LZEHF 3 & L\,
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(5.8) fUIRE X 962 =1 (mod 29) OEEEEZ KD X,
(fR) £3. 96z +29y = 1 OBKIRZ KD 2 (ABREZ FHWTHE L FIED
Hotz). FBIEWT B0, (2,y) = (13, —43) BV L ODRTH 3, fit-
T, 96-13-29-43=1Tdhs, ThE{#E29TEZDIL, 96-13 =1
(mod 29) £72 2056, =13 HBMEDHERXD 1 DOBEETDH 2,

96x =1 (mod 29) ¥ 96-13 =1 (mod 29) D& %5|< ¥.96(x—13) =
0 (mod 29) DT, 96 £ 29 BHEWKCHETHB I Lhb, o — 131229 D
BETHD., v —13 =29 (K I3EBE) tF T2, LoT. TXTOMI,
x =13+ 29k (k 13%K) TH 3, O

(5.9) ME XoHBEXOEYEEZRD X,
(1) 13z =1 (mod 35)
(2) 35z =2 (mod 13)
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86 *A1S5—DEE

(6.1) T&E (AA>5—0BEHK) LFOEEnIHNLT. 15256 n TTOEK
DI3Hn L HVWIRERDDDOEEE. ¢(n) THEL, TD ¢ ZFA1F7—D
3E QA LR

Bz, o(2) =1, ¢(3) =2, ¢(4) =2, ¢(5) =4, p(6) =2 RETH 3,
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(62) ®E (1 5—OEBOLHE)

(1) Fp LT, ¢(p)=p—1.
(2) E¥p L IEBH n ITHLT, o) =p" —p L
(3) H\MCHERIEEEE m,n X LT, ¢(mn) = ¢(m)d(n).

Proof. (1) BHS 2,
(2)p" EHEWIRELE WS ZLIEp EEVWREZWVWS ZeERrL, 1205
Pt DIB, p DIERD p" /pAHZZ L X Dbrb,
3) A={1,2,...,mn}, M ={0,1,...,m—1}, N ={0,1,...,n— 1}
8L,
F3.0a€ ARHLT, (a,mn) =1 TH3BZriE, (a,m) = 15D
(a,n) =1THZZLLFETHS (k).
AN
fi A - MXN
a +— (a1,a2)
a1 =(a%Z mTHo7RD), as =(aZ nTEoRD)

LEDDZ . RHHITH L, EBE. a = b (mod m) 22 a = b (mod n)
Y332, m, nlZHEWCEEDL2S a— bk mn DFEEICRZ, —mn <
a—b<mnEDTa=bTHb, 2FD, fIRHEHTH S, |Al=|M x N|
BOTEHFHTH %,
(a1,a2) € MXN THo T, (a3,m) =1TH 3D p(m) . (as,n) =
1 TH2HDF ¢(n) lRDT, fOEEGMEL (k) XD, (a,mn)=1¢
%% a€eAlZo(m)pn) HTH S,
O
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REF 2
2021/6/3 573 D=
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(63) AAS5—OFE HVICHEREOYH a,n ITH LTRO BRI
VF B

a®™ =1 (mod n).

Proof. X = {x1,...,2x} . 1 226 n ETOBEHDSIH n L HWVITH
BRHDORKE T2 (k= 0¢n) £/en EAVICERER a® D,
Y = {az1,...,az;} £ BL ¥, azj 251E mod n TEHMEIFRLV, EE
ar; = azx; (mod n) %61, (a,n) =1 &Y z; =z, (mod n) TH 3,
modn TX 2 Y E—HLTWRDT, Er-oTdh—HLTED,
ary---axy =112 (mod n) THb, x1- -2 lEn EHWIEEH» S,
a* =1 (mod n) 2185, O
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(6.4) ZTII—DNEE FHp LB ITHL T, a? =a (mod p).

Proof. 74 5 —DEBIZBWT, n 2T MpicT s, la pPAVICHE
DrxE, a®®) =1 (mod p)) HESNS, pBERELS d(p) =p—17%D
T, ZOWIIZ a 28T 2 L. Ta & p DV HWZRDE &, a? =a (mod p)J
HEoN2, LET a? p OFEETERNE OB T L,

ap DEFDOY 2k, GEHAIARNEROMAL D p DERTH L2056,
0=0 (mod p) DIETEMRKUIHIZLTED., ad’p OFEKD L % HEEAADS
52T L7 O
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(65) FIE ROEEE. HEINLECELTARE. BAOEBHC

(1) 522 (mod 19)
(2) 197 (mod 17)
(3) 2223 (mod 17)
(4) 5¢ (mod 48)
(5) 78 (mod 60)

(> b) B2 (1) Tld, ZREARSEE LT,
522 = (5% = 251 =61 (mod 19)

DE ST, WAHERZES T TEDD 5,
HBWVE, A4 7 —DEEEANTS5® =1 (mod 19) b2 2DT, T
NEFHET 2P LHICIKR S,
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(6.6) UAILYUDEE HEHplcHLT, (p—1)!=—1 (mod p).

Proof. 15 p—1D55, 22 =1 2T ON, 2 =+1 05, B
ORI —1. O

(6.7) DALY YOEEDY 1 XDAZVEM m LT, (m— 1) =
—1 (mod m) & BIE. m IZFRHTH 5,

Proof. Sz R3, m BEREBE T2 L m = ab (a,b1F 2 DAL m RifiD
BE) eFEIF S, (m—1)!=—1 (mod m) EIRET S L.

“1l=(m-1)'=1-2---a---(m—1) (mod m)

THH, Wb zHIF2L. —b=0 (modm) EROFETHS, Lo
T. (m—=1)!#£ -1 (mod m) TH 3, O
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REF 2
2021/6/10 5 DI=RMERSE
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§7 SDEE/IEK

(7.1) E& (10EXRSEE) 0259 FTOHFELS an,an_1,...,01,a0 &
b1,bo,b3,... BDHEZAON/TZL T D, a, Z0RRZETE, 2D X, 10
R

ApQAp—1---a1a0 . b1b2b3 s

DE%
10"a,, + + 1010 + 100(1 + 7b1 + 7b2 +
" Ce 1 0 1ot 102 ce
— lim n 1 0 1 2 m
77}1%00(10 @nt -+ 100a; +10 a0+ﬁ+ﬁ+“'+ﬁl)
TED S,

k ZAUFMIOR T 2 (ERO N . MNP mIck S 3 1 RiEx
VDT ERDBFIET 2212k 5),

X 1 OOREIWCH LTI OOEBIEELZDTHD., 1 DOFELBIIHL
TI1IDODREVPEZZ L WVIDITTIERL, D2FD, 1 2WVWIERIIHLT
My 2710999 -1 25 200K H2ZLidk. MOFEDHGI SR X
AN
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(7.2) R HEBUIERUNGE 3 EBUMICRING 2 L BRE,

(7.3) FEE ROMEE/INIE B BICEE,

(1) 0.123 = 0.1232323- -
(2) 1.2345 = 1.2345345 - - -
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§8 fBRIR/NER

(8.1) EZE (BRE) MHERNED. BRI 27D 2 & 2 BRE & R,
F 7z, B NEOBERIVETH 2 2 id. B2 0.123123--- D X512, 1B
BREAD/ NG LN SIRE 2 282 F 5. Wi, flZiX 099123123+ @
Xz, TEEREID/INEEE 1 Lk D DA D HIRF 2R/ ML BRIERER

= >

Do

il
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REF 2
2021/6/17 3 DIRMERSE
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(8.2) FE HWIKEREDEE m,n LT, BT m/n & %
%, a,bc,n &

n=2°5" (01323 5 bRV,

¢ = max{a, b}
TED S,

(1) m/n ERNITHZ 222, 0 =1 TH2ILIDETTTH S,

(2) m/n DHUEEFR NI THZ2Z . a=b=022n >1THBI X
BN TTH 5,

(3) m/n DEAER/ NI THZ2 2. ¢c> 0220 >1TH2 I LIFHHE
TR TH 2%,

ol INSDEERHED O,

(4) ARNEDGE, MNEEE chiETH 5,

(5) HMMEER DG G, HREOESIE e TH 5,

(6) RIER/NMIDGE. HRETORZ X e TH D, /PNEEE ¢+ 1 ML H1EER
DIRE B

7272 Us eld. 10° = 1 (mod n') ZHiZz T HR/NOBRBTH 5 (FFIEIZ
G3)-
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Proof.

(n = 250" (0132 b 5 BIENTHE W), c= max{a,b})

(1) n' =17%51FE m/n=m/(2°5°) ZDR% 10° I TE %0 5HB/N
WcHhs,

KAz, BR/NEE. R 10° OFF O ETE Y. RIS ECH
SIIUL. DRIE 2050 DIFICK B,
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(n =295 (0 1% 2 & 5 BIBUSH W), c= max{a,b})

(2)n=n"7H»5, 10°=1 (mod n) & 10° =nk+1 £FE T2 (kI3
ﬁ)o ‘j—é t\

m _mk  mk
n nk  10°—1
mk-107¢ e .
_ mk mk mk
BETERT T

ZZT. m<n &b, mk <nk=10°—17225 mki3&E4 e HIOEET
Hd, koT. m/niFeliZ L CEATCEFORLPNUCEMENS, F.
TEERDVINEEE 1 i BhaE 2 Z e bbb,

RAHZ. m/n DHEBR/NETEE L. EREIOR I e 3258, m/n=
m/-10~¢ +m/-1072¢ +m’- 1073 ... £ FEIF 225, m/n =m//(10° 1)
b, ORI AEINZELTH 2D 5 EBHVWIHETHLIH)H,
a=b=0T»H53,

(3) ExfEE VB L (1) & (2) X DHES,
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(n =295 (0 1% 2 & 5 BIBUSH W), c= max{a,b})

(4) 7E%E 10° 2Lz &, 57D 10 DERTIERVW I L 2, MUK
HREEZLL, b MEE cMETHE I hbhr 2,

(5) (2) DIFHDRBED ST 2 L. m & n ZEVICEED S, Bk %
FWT, mk=m'. nk =10 —1 #HF 2D T, 10° =1 (mod n) &%
%, 2%D.10°=1 (mod n) TH2I ., MNIFKRTeliZ LI LI
FHKDZLIEFAMETH 2, 1E-> Ty 10° =1 (mod n) Zifi7z3 e DD
Ty, BEREDRET 2H2505 bRNDOEIODBDLERINTVSZ
Eho, BREOR XX e TH S,
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(n =295 (0 1% 2 & 5 BIBUSH W), c= max{a,b})

(6) m/n = 107¢(10°m/n) £ FHL &, ¢ = max{a,b} THD I h b,
10¢m/n BB L MR/ NIDFITRE 5, o THERHIORE P e TH S
ZEREV (DREL2ESRVDT), $IOEE»H. m/n i3 L
SR ¢+ 1 NIRRT 2 2 e bbb 5,

RISy m/n AN c+ 1R XD B EL, NI + 1L (¢ < ¢) o1
BABELLT Y, m/nic, H5 10° ZHENT 72 ¥ = /NGRS ARG R
INECTR B o Ty 109m/n 2850 LBON T, ERHIS23H 5
BERV THEcDEDHIKTZDT, m/n /M c+ 1Mk D HE
. PEBREBAMET 2 2 23R, O



52 FEICHEHBR L TR—IFNTWE S, 2021 FEERTHIREE 2

(8.3) EE (1) ARMC R 20 Y 5. ETHRE XS ICERICHIRG
LTW3, BlZIX. AR 2 #MUTR 2 B BIE. 28D 2¢ DIEDEE
IR 2,

(2) TERDNBOERET O R X IO A THRE 35, BERNTRIT IV,
1/21 = 0.047619 ¥ 7/21 = 0.3 ® X 5 (I fEERHIOE X3 E % 25 8 Hlh
AR



DEAIC R L TR— I TR TS T, 2021 FEATMAKE 2 53

(8.4) BIE XA, ARVNE MERNL BIER MO Eh». A

BN D &/ NEEBIGLETH 220, i F T IZIRIEIR MO & 2 EERET O R

&, RIEBRINE D & ZAEEETIN D SRV E 200 B X X, L. &

B%%&:??%U%%%%;éﬁgé P f;1< EZ2 ko

Dy @ GO Wy
(%) (1) 7RHZ 40 =2° -5 &, REBD 2 & 5 LHARVOTHR/IML

THd, NFIE3 L 1RDT, REVWFEL-Tc=31E00. NIEE 3L

E£TH 5,

(2) TRHORFRKIC2 D 5 3RVOT, MEENITH 2, 10° = 1

(mod 11) Ziili7= S R/NDIEEE e 2T L.

10' =10 (mod 11)
102=100=1 (mod 11)

Ehbe=2 XoTHEHIORZIZ2TH 2,



54 FEICHEHBR L TR—IFNTWE S, 2021 FEERTHIREE 2

(3) EHE12=2%2.3 THH. REE 2 (HBWVIE5) . 25 UMD
GUh ORERIMITH 2, 2L 5 DRFEZNEN2L 0BDT, c=2
THD., NIGE 3N HIERDPIE 5, F7o, BEREORXIZ1/3 ALK
DT, 1 TH3,
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(4) TRHORRBUC2 D 5 dRVDT, MERNITH 2, 10° = 1
(mod 41) Ziifi7z THRNDIEER e ZHRT L.

10' =10 (mod 41)

10> =100 =18 (mod 41)
10* = 1000 = 16  (mod 41)
10* = 10000 = 37 (mod 41)
10° = 100000 =1 (mod 41)

2o e=5 Ko THERHIORZIE5TH 2,

LZAM, 10° & 41 TH- R EREEHET 2 2. 28 1/41 2RI
HDETINUTT 2R EFUTH D, FREDPR > TELI LTV, Z
ZT. LI KRT B,

10' =10 (mod 41)

10 =100 = 18 (mod 41)
10> =180=16 (mod 41)
10* =160 = 37 (mod 41)
10°=370=1 (mod 41)

B BERTE 2,
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(8.5) MIRE XOGEAH. BRI, MIEE/ N BIER/ NI D E b, B
BN D & E/NBEEIN. £ TH % 5, M 7 SRIEER/ MO & BRI DR
X, BIEER/ N O & 2N HIEIRDIBE 20 b B A Lo 722 L, E
BUCHFEI2 0 REEHE T2 Z e BRABER &

) @ g B oo
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(8.6) fl (BREIDRT) XofilTik. BREORINAA 7 —OBBD
BT o TWB Z e MR TE 3,

(1) 9 1)7 %25, 1/7=0.142857 TH D, ERHOEXE 6 TH 5,
A4 5 —OBIRI 6(T) =6 TH B,
(2) 9B 11/21 ## 2 3, 11/21 = 0.523809 TH D, (ERHIOEXIE 6T

B Eley HA 7 —OBEIE ¢(21) = 12 TH %,
(3) 9810/13 #E 2 5, 10/13 = 0.769230 THH. WBEHORE XL 6 T

BB, £l A4 5B §(13) = 12 TH 5.,
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(8.7) ME () HVICKREORR a,n 1K LTARR
a®=1 (mod n).

BIRTF B & 5 BENDIEEM e &, 45— DB ¢(n) ORITH 5,
foT. m ZIFEM. n % 10 L EVICEATFERY T30 5, BHIHES
Bom/n BBV Lz b 2 OFEBREIOE S, ¢(n) ORTH 5,
*XZDZeho, (a=102F2) LOFITRA-ZFEED, BT IO
bbb,

Proof. ¢(n) % e THID
on)=e-p+r (preZ, 0<r<e)
pEF, A4 T—OEHMED, a®™ =1 (mod n) B TOH b,
1=a®" =" = (a°)P - 0" =" (mod n)

D rda =1 (mod n) 2T, ride XD/PNEIVDT, e DI/
HED r=0TRSTERLRY, DED, ¢(n)=e-p &RD. eld ¢(n)
DFLTDH % O
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(8.8) & (BMR. MBER. ERRIMRICLIDRERDD)

(1) MEEE S N FTH L ERNMIUICKR S XD BaE%E 1 OB X X

(2) MEBR/NBUCHR B XS e BiE 1 DB R Ko

(3) /INERER 4 (i STEEREID MR E % X 5 IRIBTEBR/ NI 2 X 5 e % 1
DEZ Ko
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REF 2
2021/6/24 73 DIR[BEIRZE
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§89 NI MILZEEOERE

(9.1) RIUMILEM £EVIERK LORTMLVERTH2 2% VICH
(v+w) &. K DICICE 2 A A T —1f (kv) BERSINTED, w,o,weV
rabe KIZHLT, (VI)(V8) Zilizdcr 255,

) u+v=uv+u (ROHEA)

) (u+v) +w=u+ (v+w) (MOEEEH)
Ju+0=u=04+u/R227 L0 (FXZ b)) BFET D
) a(bu) = (ab)u (R A 7 —f5DFEETER)

) (a+Db)u = au+ bu (BECIEAN)

) a(u+v) = au+ av (FFECEH])

) lu=wu

) 0

N7 MVERYV OEGERE W 23, V OB EMTH % i, W BERY
MLEEAR, V ERUCME AN 7—ETHETWSER2ES. Db,
BEO w,wy,w W ¥ AAT7—kEWHRLT, wi+w, €W 2D kweW
RHELERFD.
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(9.2) il LITEITANTR EORZ MALZEMOBITSH %,

(1) BT D n KOMENZ ML 2EDES R

N7 MLVOEEDOME BRI L DR PV, LITOHDE
B, ZVTWOEE, —HEEROIEIMN, XA 7—-FTHLTWAZLT
HY. (V1)~(V8) IZHH BRI LTS I E B,
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(2) FRERT D m x n THIEEDESE Mat(m, n; R)

IhHEMRIC, TS Lofe, [TAloEBETHETWS 2 %
F v ZFTIERV, fTHNCIEEAH 25, X7 FLEME LTR25E
. AT S LOIIERGRTH 5 (2D 2 EHTHOEESTRITFIUIHE
DIEFES LWV,

F/o. ZORBITIE. THERZ by D XS5, BRETOBANT VIR
BCHBILITHIEET 2, N7 MM IZERY FPLOEED Z LTl
B, e AH S —BTHUTWREEDZ L TH 5,



64 FEICHEHBR L TR—IFNTWE S, 2021 FEERTHIREE 2
(3) FERURE 1 EHZTHALKDES R[z)

ZOBBENRZ FVIZEBBRTH B, ZHEHRNE S LOME, ZHEROER
B DRY M AVERICR D, £z KOBIEFT L, Rlz] 22 b L2
Y RAGEZ. ZHRAY S LOBRHIERGRTDH 2,
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(4) EOFEBERDES Ry 205 R NOEBREARDES Map(R,,R)
fZ. f,g € Map(R,,R) I LT, BIR f+g %

(f+9) Ry =R
z = f(z) + g(x)

TEDS. 2%FD. (f+9)(z) = f(x)+g(z) TH 2,
[+gDERBN R, TH2ILBHLHNT, f(x),g9(x) eR XD f(z)+
g(x) EREDPE, f+gDEPRIETEZ2ZLdDDZ, £oT, f+g€
Map(Ry,R) TH b, FITEHL TV,
FREE. kER ¥ f € Map(Ry,R) It LT,

(kf) Ry = R
z = k(f(x))

TEDZ, 2D, (kf)(x) = k(f(z)) TH%,

kf OEFIH R, THSZLEPALHT, &, f(z) €R k0. k(f(z)) €R
e, kf OBDPRICET S bbb, EoT. kf € Map(Ry,R) T
Hb, EREGETHALTWS,
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7. AFEARZ PVZERTIE RV,

(5) BEK D D n ROMENR T P VRIRDES L

RZZDHIZF1/2HPETZ2DT, RAF7—FETHCTVROLST
H5,

(6) 0 L EDEBERT LT 5 n ROMRY LV EROES

RAREDERICIE -1 DBETHDT, AAT—ETHELTOWRWSLLTH S,
(7) R 25 IEQEBEEROEES Ry NDEBRL2EDOES Map(R, R,

D (4) LFEBICAD T —HETHELTWE22EEA /e EZ ke R
f €Map(R,Ry) LT, ke RZD, f(z) € Ry RDT, k(f(x)) € Ry
LIRSV, XoT, kf € Map(R,Ry) THH, AW 7 —EFTIIHALT
WRW,
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(9.3) BIRE XOEMAEEDEIT N bIVAER (E52%EH) TH S Z L &3k
M X,

(1) FH Lo x #lixk X7 bLZER R?2 OMAEEL AL &, HH52EMTH
% Z & &Rt X,

(2) A = <13 fz 31> DY E, RS OWHEEV = (¢ € R | Az = 0)
MR ZEMTH B Z b ERAEHE &,

Proof. (1) e 2A# 7 —fETHLTWS 2 Z2F AT LW,
[FITEHCTWwWa Z k] o i koD 2 £ (a,0),(b,0) I LT, ZDH (a,0) +
(b,0) = (a+b,0) b i EICH 2056, HITHAL TV,
(AA7—ETHLTWwWS 2] E¥k & o EDA (a,0) 1TH LT,
k(a,0) = (ka,0) b 2 MICET 5725, 2% 5 —GTHLTN S,

(2) 1751 A DR D EARINCEP N TV DD, FIIBHEIRN,

N7 MV PEEV BT EME. Az=0TH3, it->T. (a) B3
RZ M PEEGVIBELTWIR, Az =0 Z2Hizd, 2L T, 2Oz
FEHTEROADZVA, (b) HBAY ML o HES V SBT3 & L AT
L7202 bid, Az =0 ZRBIEEWI B ITHERT %,

[FfITEHCTWwWB Z ]2,y eV ZW3, (2)IC&D Az =0% Ay=0»
RT3, Alrty)=Ar+Ay=0+0=07mb, b)IkD z4yecV
ThHhbd, £oT, VIFMITHLTWS,

(A5 5 —fETHETWAC ]| keRY 2 €V #MB, (a) Kk,
Az =0TH 53, Alkx) = k(Az) =k0=0 7256, (b)IZ&D kx eV T
Hb, FoT, VIEAHI—ETHLTWS, O
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(9.4) FME ROEDEENRZ FVZER (FinZEf) TH 2 Z L Ziti
X,

(1) zy-Fii R? O HEE, EHify = 2.

2) AZ mxnfiHleTsLE, R"OWMAPES {v e R" | Az = 0}.

(3) n REFTH EHEDRTNZ V2R Mat(n;R) O 7 HE G
{B € Mat(n;R) | b;; =0 (i > j)} (E=AITHIREOES).
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§10 fREER

(101) BEB&R V, W2k K Lo~z FAEBLT 2L %, B
[V o W ASREERTH S L iE, KOEHERT I LEE S,

(L1) fvr +w2) = fv1) + f(v2)  (vi,02 €V)
(L2) f(av) = af(v) (ace K,veV)

DL E,
Ker(f) ={ve V| f)=0},  Tm(f)={f(v)eW|veV},

YIED, ZHZR f O (A—FIL). & (1 X=) 2L,
DLRRZILW, veVODEE f(o) DI H oD fITXZEEIER,

(102) FIRE f:V - W 2HEEHRE T2 &, KLY X,
(1) f(0) =0
(2) v, € VML T, (L) f(v—2") = f(v) — f(v)
(E>F] (1) 0-0=0 (EHDED 0IEFADT—, ELADHD 0 LHHLD
0IFFERZ ML) 2 f TELT, (L2) ZHV X,
(2) v—0v =v+ (=) LWIEHE LEE. (L1) & (L2) 2V &,
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(103) @E HHEE .V o W OREEEOKIE V O, BiE W 0.
RIS EMTH 2,

Proof. 3. BIZOoWT, Ml R A7 —ETCHALTVWAZERT, veV
M Ker(f) CBT 27D DEMIE. f(v) =0TH 5, [EoT.(a) v € Ker(f)
BB f(v) =0 THD, K, (b)veV A ve Ker(f) THB L%
FLEVRBIE, f(v) =0 Thd oL ERBEIOC LIHEET 5,

EOHITEALTW3B Z ] vy,ve € Ker(f) ZHB &, (a) XD, f(v1) =
flo2) =0 THB, DL, fIEHEGENS (L1) AV L. fo+
v2) = f(v1)+f(v2) =0+0=0TH %, £oT, (b) &V, vi+vs € Ker(f)
TH5,

A 2H 57— CHLTWA 2] v e Ker(f) LANT—a B Lokt
% () XD, f(0) =0 THB, COLE. fIIBHEEEHS (L2) 2
2%, flav)=af(v) =a0=0TdH5%, £5T. (b) £V, av € Ker(f) T
H%
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TITAGITOWTEHEH S %,
(BOFITEHALTWA Z 2] wi,ws € Im(f) B o722 &, BOERID.
wp, = f(’l)l), Wo = f(’l)g) 23 V1,09 €V BH 5, f WIRRBLBARTE 00 & (Ll)
EHWS &,

w1 +wg = f(v1) + f(v2) = f(v1 + v2)

THY, wi+wa v +va D fIRKBETHE05, wy +wy € Im(f) T
H5,

BB AA T BT TWwaZlwelm(f) ERXAT—ak okt
X BOEELID. w=f(v)RE2veVIDHE, ZOLE, fIFHUER
726 (L2) ZHW3 &,

aw = af(v) = f(av)

LD, awldav O fIZKBEEHD S, aw € Im(f) TH S, O
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(10.4) BIE XOBBHIIFUEZH»PEI DEZ L, . WHEBEHTH 2
DI, 2okt BERD X,

(1) f: R—>R (f(x) =sinz)

(2) R R (f(x) = 32)

wr=ow (1(0)=(; ) ()

(1) DIEE) sin(x +y) =sinz + siny FED L7272 WL, sinar = asinz
B D LT TR IR EBRT IR,
(2) OIE) f(o+y) = (e +y) = 3+ 3y = f(a) + fy) 7 (L1) 12
3, flax) = 3(ax) = a(3z) = af(z) 55 (L2) SR, Ko THEE
%BTdH 5,

AR

Ker(f)={xeR| f(x)=0}={z R |32 =0} = {0}

.,C\\@%O
BIZOWVWT, 2 R 2HFZEH L Z, f(x) =3z b R 2FEZEHIHH
m(f) = R T %,
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((3) DIRE) A = (1 2>,v: (9”),1/: <x> rBr. flu+v) =
35 Y Yy

A(v+0v") = Av+Av' = f(v)+ f(0') 2226 (L1) 13O f(av) = A(av) =
a(Av) = af(v) 25 (L2) BRIL, Lo THUERTH 2 ((2) DiLHI
BBk o722 8. A DBDIBETIEI R 072 Z LITHTEREE X).
CAES

Ker(f) = {v € R?* | Av =0}
{6)e=1 636 -0))
()= )

LR BD, REROFKMEOHE RN, —BENRMR e =y =0 28D (1751
ABTERIFE D5 2\ S BETH BW), foT, Ker(f) = {0} Th3 (BA
Z R ABHIC 0 EENTWLS),

GERD 2, 175 AHBERZE» S, RO w e R? (220 R? I3EFRR
D R? TEHL. BROITEHRDOR?2 THB) oz & v=A"1w ¥
B, fo)=Av=AATw=w TH3, 2Fbh, TROwec R X f
DIRITIZH> TV B S, Im(f) =R? (T BBEBRDOITEHRD R?) TH 5,

(105) ME XOBRIIFUEZ»PEI DEZ L, . WHEEHTH 2
bDIE, ZOREBERD X,
(1) f:R=R(f(z) = —x)
(2) f:R—=R (f(z) =cosx)
(3) f: R - R? (f(v) = 2v)

T 1
(4) f: R > R3 flyl=1 3
z
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(10.6) FOEE R[z] 2 980RMO | ZREER KO KT~ F AL
Téo

(1) 5% D : Rz] — Rlz] 2. # D(f) = f/ TEDL Z. D IIHME
%BThH 3L EiHE X,
(2) BRI : R[z] — R[z] &, EMES

/) = /Omf(t) i

TEDEE, TIIREGERTH S L ZiHE X,

(107) @B f: U=V 2g: VoW IHREGHTHEL L X,
ERESR go f: U — W dFABRTH 3,

Proof. ¥73 (L1) IZ2WT, u,u/ € UKL T,

(go Nlu+u)=g(f(utu))
=g(f(u) + f(u)) (f @ (L1) ZHW)
=g(f(u) +g(f()) (9 @ (L1) ZHWvi)
= (g0 f)(u) +(go f)(u)

72556, go fiF (L1) Zim/z 3,
RIZ(L2) 12OV To ue U ERAHT— alTHLT,

(90 f)(au) = g(f(au

)
= g(af(u)) (f & (L2) ZHWTz)
= ag(f(u)) (g D (L2) ZfT2)
=a(go f)(u)

726, go fiF(L2) &3, O
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(108) ®E f:V oW eMEERYT2L &, fHRHTHEIL L,
Ker(f) = {0} TH3 2 L EAIBTH %,

Proof. [ PHHITH 2 Z L DEFRIZF. v,0 e VIIHLT, f(v) = f(v') &
BIE. v=0 BB THoT (HHFZERNCERR, If 2482 &
ETH5)

[f DHGH2 51 Ker(f) = {0} f PHEHATHZ T2, v € Ker(f) I
WMLT, flv) =0TH2D, f0)=0TdH2h»5, f OHGHEICED,
v=0TH5%, £oTKer(f)={0} TH%,

[Ker(f) = {0} 25 f 23HE] v,0" € VITH LT, f(v) = f(v') &F
%, (L) ZHWS 2. 0= f(v)—f(V) = f(v=2") 72D, v—2v" € Ker(f)
TH2, LU, A {0} 2DT. v—v' =0 D2Fh.v=0 k3%, &>
T, [fIREGITH S, O

(10.9) FSEE HAEG f: R - R™ Off Im(f) KOWTEZ X,

(1) vi,...,v, Z R" DEERE T2 & X, Im(f) & f(v1),..., f(vs) TEK
IND R X, [B¥ b RO R O, vi,...,v, D1 XSS
TREZ ZEHAVT, EED Im(f) DIEH, f(v1),..., f(va) D1 KEES
TREDL L BRT]

(2) v1,...,0, ZUNRTTEZTHNOEEE k £ F 5L, Im(f) DRITIE k
TH5Z L ZAtHE X,
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(10.10) FWIRITH wv1,...,v, ZRT PRV OEKE L. w, ..., wpy,
R MPVEBW OREE T2, fEGER .V W BHdLE Z0D
BIZBT BRI PLiZw, ..., wy, D 1LXEETEITEZNH, mxnfTd] A
ERWVT (f(v1),.--, f(vn)) = (w1, ..., wn)A EITHITERRTE S, 2D
ARV OEEv,...,v, & W OEE wq,...,w, T3 f OREITH
E IR,

(1011) fIEE #AEE £ R? - RS 1%

0-() 0-()

TEDLNTWVS, ZOr &, R? ¥ R OFMERKICET 2 f ORBAT
L2

THD Iz,
() SR oNERE R? b RY OMMEKEAVTHEBET L. fler) =
161 +2€2 +3€3, f(ez) = 461 +562 +663 TdH 5o :ﬂ%fﬁ‘ﬁ”fﬁﬂf\‘j—ﬂbi\

1 4
(f(er), f(e2)) = (e1,€2,€3) (2 5)
3 6

o, REUTIN ATH L Z RS hiz,



DEAICHRR L TR— IR FR TV ST, 2021 FEAMREE2 77

(10.12) FIE XTEFX2HWES f: R —» R2 0, R & R? OFE#ER
EICBES % f ORBUTHIZ KD X,

(-0 0)-0 )0



